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1. INTRODUCTION
Let G be the simple O’Nan group. It has order 29 · 34 · 5 · 73 · 11 · 19 · 31,
it has Schur multiplier of order 3, and AutG/G is cyclic of order 2.
In this paper, we prove that Dade’s conjecture for G is true. Here we
mean by saying the conjecture the inductive form of the conjecture (see [3]).
According to [3], the inductive form is equivalent to the invariant projective
form if the outer automorphism group has cyclic Sylow q-subgroups for
each prime q. Thus, for the simple O’Nan group, it sufﬁces to check the
invariant projective form. Moreover, if a defect group of a block is cyclic,
then the invariant projective form is proved to be true for this block in [4].
Thus, it sufﬁces to treat the primes 2, 3, and 7.
In this paper,A  B andA ·B denote a split and a nonsplit extension ofA
by B, respectively. We use n and Dn to denote a cyclic and a dihedral group
of order n, respectively. Moreover, for a prime p, an elementary abelian
group of order pn is denoted by pn. For an odd prime p, we denote by
p1+2n+ an extraspecial group of order p1+2n and exponent p, and by 21+2n−
a minus-type extraspecial group of order 21+2n. Finally, Sn and An denote
the symmetric group and the alternating group of degree n, respectively.
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After submitting our manuscript, we were informed that An and O’Brien
had written a paper in which they proved the inductive form of the conjec-
ture and the weight conjecture for both O’Nan and Rudivalis simple groups
[1]. However, most of their calculations were carried out by computer, while
ours are computer free, although some character tables stored in the GAP
library are used. Hence we obtain subgroup structures of the O’Nan simple
group explicitly in terms of elements and particular subgroups.
2. DADE’S CONJECTURES
We describe the invariant projective form of the conjecture. Let G be a
ﬁnite group and p a prime. A radical p-chain of G is a chain
C  P0 < P1 < P2 < · · · < Pn
of p-subgroups Pi of G such that
(i) P0 = OpG and
(ii) Pi = Op∩ij=0NGPj for all i = 0 1     n.
For those C, we denote by NGC the normalizer ∩ni=0NGPi of C in G,
and by C, the length n of C. Let pG be the set of all radical p-chains
of G. The group G acts on pG by conjugation. We denote a set of
representatives of G-conjugacy classes of pG by pG/G.
If a p-subgroup P of G satisﬁes P = OpNGP, then we say that P is
a radical p-subgroup of G. The set of radical p-subgroups of G is denoted
by pG. Thus,
C  P0 < P1 < P2 < · · · < Pn
is a radical chain if and only if P0 = OpG and Pi+1/Pi lies in
p∩ij=0NGPj/Pi for all i = 0 1     n− 1.
Let Z be a cyclic subgroup of the Schur multiplier of G and let Ĝ be a
central extension of G by Z. Thus, we have a short exact sequence
1→ Z → Ĝ→ G→ 1
Let E be a ﬁnite group containing Ĝ as a normal subgroup. Then E acts
on pĜ. For each C in pĜ, we have
ĜE and NĜCNEC
Let B be a p-block of Ĝ. In this situation, for each C in pĜ, an inte-
ger d, a subgroup F of E with Ĝ ≤ F ≤ E, and a faithful irreducible
character ζ of Z, we denote by
k
(
NĜC B d F ζ
)
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the number of irreducible characters ϕ of NĜC such that
(A) ϕ belongs to a block b of NĜC with bĜ = B,
(B) the p-part of NĜC/ϕ1 is pd,
(C) the inertia subgroup T of ϕ in NEC satisﬁes ĜT = F , and
(D) ϕ lies on ζ.
The invariant projective form of Dade’s conjecture is stated as follows.
Conjecture 2.1. Let p be a prime and let G be a ﬁnite group with
OpG = 1. Consider the above situation. If the order pdB of a defect
group of B is greater than the p-part of Z, then∑
C∈pĜ/Ĝ
−1Ck(NĜC B d F ζ) = 0
for all d and F .
We say that the conjecture holds for G if it holds for G and any choices
of Z, ζ, E, and B.
In the case where Z is trivial, Ĝ = G and the condition (D) means noth-
ing, and thus we use kNGC B d F to mean kNĜC B d F ζ for
notational convenience. Moreover, in the case of Ĝ = E, we may consider
only the conditions (A), (B), and (D), and we use kNĜC B d ζ to
mean kNĜC B d F ζ. Combining those, we also use kNGC B d
if Z is trivial and G = Ĝ = E.
Now we simplify the situation under certain circumstances. Similar sim-
pliﬁcation is used in the case of J3. See [9]. Suppose for a moment that the
Schur multiplier of G is a cyclic group of prime order. Then Ĝ is either G
itself or the covering group of G. Let us consider ﬁrst the case where Z is
trivial and Ĝ = G. Suppose further that ZG is trivial. Then G is identiﬁed
with InnG and thus can be regarded as a subgroup of AutG. Hence, it
sufﬁces to treat the case of E = AutG. Moreover, if OutG is a cyclic
group of prime order, then F must be G or AutG. We have the following.
Lemma 2.2. Suppose that Z and ZG are trivial and that OutG is a
cyclic group of prime order. Then Ĝ = G and if we show the equation in the
conjecture only in two cases (i) E = G = F and (ii) E = AutG = F , for
any B d, then Conjecture 2.1 holds in the case where Z is trivial.
Proof. By the argument preceding the lemma, it sufﬁces to treat the
case of E = AutG and to show∑
C∈pG/G
−1Ck(NGC B dG) = 0
∑
C∈pG/G
−1Ck(NGC B dAutG) = 0
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for any B and d. However, kNGC B dG + kNGC B dAutG
is the number of those ϕ with the properties (A) and (B). In other words,
it is kNGC B d considered in the case of E = G = F . Hence, the two
cases in the statement imply the above two equations.
Returning to the general situation, we suppose that OutĜ is a cyclic
group of prime order. In this case, F must be either E or ĜCEĜ, since,
for any C ∈ pĜ and an irreducible character ϕ of NĜC, the inertia
subgroup T of ϕ in NEC satisﬁes
ĜCEĜ = Kerπ ≤ ĜT ≤ ĜNEC ≤ E
where π is the natural homomorphism from E to OutĜ. Suppose further
that the centralizer of Z in AutĜ is InnĜ. Then the inertia subgroup of
ζ in AutĜ is InnĜ, and hence, for any C ∈ pĜ and an irreducible
character ϕ of NĜC lying over ζ, the inertia subgroup T of ϕ in NEC
satisﬁes ĜCEĜ = ĜT . Thus, the following holds.
Lemma 2.3. Suppose that OutĜ is a cyclic group of prime order and
that the centralizer of Z in AutĜ is InnĜ. Then it sufﬁces to treat the case
of E = F = Ĝ.
Proof. If E = ĜCEĜ, then we have∑
C∈pĜ/Ĝ
−1Ck(NĜC B dE ζ) = 0
for any B and d. Hence, it sufﬁces to treat the case of F = ĜCEĜ anyway.
But, in this case, the condition (C), ĜCEĜ = ĜT = F always holds by the
assumption on the centralizer. Thus, it sufﬁces to assume that E = F = Ĝ.
Now we consider cancellations of radical chains, which were ﬁrst noted
by Sawabe (see Lemma 2.2 of [12]).
Lemma 2.4. Let G be a ﬁnite group and ﬁx a radical p-subgroup P of G
with P = OpG. Suppose that the normalizer in G of a radical subgroup P˜
of NGP with P˜ = P is contained in NGP. Put
1 = C  OpG < P < P˜ < · · · < Pn ∈ pG  C ≥ 2
2 = C  OpG < P˜ < · · · < Pn ∈ pG  C ≥ 1
Then there is a bijection f  1 → 2 sending any OpG < P < P˜ < · · · in
1 into OpG < P˜ < · · ·. Moreover, for any C in 1, we have NGC =
NGf C and C = f C + 1.
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The next result considers a group p2  SL2 p, where SL2 p acts
on p2 naturally. In general, subgroups of pn  GLnp appear quite often
as normalizers of radical p-chains. Though the following result may be true
for a general n with n = 1, we prove it only for n = 2, since only this case
is necessary for our paper.
Proposition 2.5. Let G be a subgroup of p2  GL2 p containing p2 
SL2 p. Let H be the normalizer of a Sylow p-subgroup of G. Then G and
H have only the principal p-blocks B0 and b0, respectively. Moreover, we have
bG0 = B0 and
kGB0 d = kHB0 d
for every integer d.
Proof. We use the argument in Section 6 of [10]. Let N = OpG. Then
N ∼= p2 and we have N H. The ﬁrst statement follows from V.3.11 of [5].
Let m = G/p2SL2 p and let U be the subgroup of the unit group of
GFp with order m. Write G/N = G˜ and
H/N = H˜ =
{(
a 0
c d
) ∣∣∣∣ a c d ∈ GFp ad ∈ U}
and regard N as a two-dimensional vector space over GFp. Let e1 and
e2 be standard unit vectors in N . Consider the conjugate actions of G˜ and
H˜ on N , which are realized as matrix multiplication. (Matrices act on N
from the left. So, for example, the above matrix in H˜ sends e1 to ae1 +
ce2 and e2 to de2.) The group G˜ acts transitively on the set of nontrivial
elements in N , while H˜ has three orbits, one consisting of the zero vector,
one consisting of nonzero scalar multiples of e2, and one consisting of the
others. Then the stabilizers of e1 in G˜ and H˜ are
H1 =
{(
1 b
0 d
) ∣∣∣∣ b ∈ GFp d ∈ U}
and
H2 =
{(
1 0
0 d
) ∣∣∣∣d ∈ U}
respectively. Also, the stabilizer of e2 in H˜ is
H3 =
{(
a 0
c 1
) ∣∣∣∣ c ∈ GFp a ∈ U}
152 uno and yoshiara
For a ﬁnite group K and an integer d, let kKd denote the number of
irreducible characters ϕ of K such that the p-part of K/ϕ1 is pd. Then
we have
kG˜ d =

mp+ 3 if d = 1 and p− 1/m is even,
mp if d = 1 and p− 1/m is odd,
m if d = 0,
0 otherwise,
kH˜ d =
{
mp+ 3 if d = 1 and p− 1/m is even,
mp if d = 1 and p− 1/m is odd,
0 otherwise,
kH1 d = kH3 d =
{
m+ p− 1/m if d = 1,
0 otherwise,
kH2 d =
{
m if d = 0,
0 otherwise.
(See also [13].) Then, considering the dual actions of G˜ and H˜ on IrrN
(see Section 4 of [10]), it follows from Clifford theory that
kGB0 d = kG˜ d − 2 + kH1 d − 2
kHB0 d = kH˜ d − 2 + kH2 d − 2 + kH3 d − 2
since a character of N can be extended to the stabilizer in relevant sub-
groups of G (see 5.20 of [8]). Therefore, the result holds.
3. CONJUGACY CLASSES OF SOME LOCAL SUBGROUPS OF
THE O’NAN SIMPLE GROUP
In the rest of this paper, we denote by G the simple O’Nan group, and by
Ĝ and A its covering group of order 3G and AutĜ, respectively. Note
that we can identify A with AutG. Thus, we may regard G as a subgroup
of A.
In this section, we determine the actions of a certain involution r of A
outside G on the normalizers of some radical chains of G. Furthermore,
the conjugacy classes of those normalizers in G, A, and Ĝ are described.
3.1. Review of Some Local Subgroups of G
3.1.1. Some 2-Locals
To denote elements of G, we follow the notation in [11]. In particular,
V denotes an abelian group 4 × 4 × 4 with generators vi of order 4 (i =
1 2 3), and s and t denote the 2-elements normalizing V with s4 = v1v3
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and st = s−1, t2 = 1. The actions of s and t on V are given by vs1 = v2,
vs2 = v3, vs3 = v1v−12 v3 and vt1 = v−13 , vt2 = v−12 , vt3 = v−11 . Following [11,
Lemma 5.2], we also set
l = v1v−12  m = s2v23 x = l2m2 = v1v22v−13 
In the rest of this paper, the letters vi (i = 1 2 3), s, t, l, m, x, and V
are used to denote those explicit elements and a subgroup of G, unless
otherwise stated.
3.1.2. The Normalizer of a 32-Subgroup
From [11, Sect. 5], there is a 3-subgroup R ∼= 32 of G whose normalizer
has the following structure:
NGR = Rlm4 ×Kmst, K = NGR∞ ∼= A6;
CGK = Rlm4 ∼= 32  4 with lm4 ∼= 4 acting ﬁxed point freely
on R;
CGa = R×K for every a ∈ R#, x st ∼= D8 is a Sylow 2-subgroup
of K;
T = lm4 × x stmst is a Sylow 2-subgroup of NGR, where
mst is an element of order 4 with square mst2 = l2m4 = lm42x2 which
inverts all elements of lm4 × x ∼= 4× 4. Moreover, stmst = x−1st.
Every claim above is proved in [11, Sect. 5], except one about a generator
of a Sylow 2-subgroup CT K of CGK ∼= 32  4. In [11, Lemma 5.8], there
are two possibilities: v1v−12  or lm4. The former case does not occur
because v1v
−1
2 = stv12 is a square element so that it is a 4B-element by
[11, Lemma 4.3], whose centralizer is a 2-group.
We use the letters R, K to denote those explicit subgroups of G, and a
to denote a ﬁxed nontrivial element of R, unless otherwise stated.
3.1.3. Sylow 3-Normalizers
Let U be a Sylow 3-subgroup of G. Then U ∼= 34, and NGU is isomor-
phic to a subgroup of the semidirect product GF34  Sp43 of the natu-
ral module GF34 with the symplectic group Sp43. A complement F in
NGU to U has a normal subgroup L isomorphic to 21+4− with F/L ∼= D10
[11, Sect. 5].
There is a single class of subgroups of Sp43 isomorphic to 21+4− (see the
exposition previous to [11, Lemma 5.14]), with normalizer 21+4− ·A5. Thus,
up to conjugacy, the group F is uniquely realized as a subgroup of this
normalizer. For explicitness, we choose the following presentation of F .
We identify U and Sp43, respectively, with the row vector space
GF34 and the group of linear transformations on GF34 preserving the
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symplectic form f determined by f ei ej = δ5 i+j (1 ≤ i j ≤ 4), where
ei i = 1     4 denotes the natural basis of GF34. Then we can ver-
ify that the linear transformations ij (j = 1     5) below are involutions
of Sp43 which generate a central product L of i1i2 i1i5 ∼= Q8 and
i3 i4 ∼= D8 with the amalgamated center −I, where −I ei → −ei
(i = 1     4).
i1 e1 → e3 e2 → −e4 e3 → e1 e4 → −e2
i2 e1 → e2 + e3 e2 → −e1 − e4 e3 → −e1 + e4 e4 → e2 − e3
i3 e1 → e1 e2 → −e2 e3 → −e3 e4 → e4
i4 e1 → −e2 + e3 e2 → e1 − e4 e3 → −e1 − e4 e4 → e2 + e3
i5 e1 → −e2 e2 → −e1 e3 → −e4 e4 → −e3
In the normalizer of L in Sp43, we choose the following transformations
b and n of order 5 and 4, respectively. We have n2 = −I and bn = b−1.
b e1 → −e2 − e3 − e4 e2 → e1 − e2 − e4
e3 → −e1 − e2 + e3 e4 → −e1 + e3 − e4
n e1 → e1 − e4 e2 → −e2 − e3 e3 → −e2 + e3 e4 → −e1 − e4
Then F = Lb n is a subgroup of Sp43 isomorphic to a complement F
to U in NGU. Thus, we may identify NGU with the semidirect product
of the natural module U = GF34 with F (≤ Sp43). The actions of b
and n on L are determined from their actions on i1     i5 (the half of
10 involutions of L ∼= 21+4− ) given below.
b i1 i2 i3 i4 i5 n i1 i5i2 i4
3.2. An Outer Involution r
Lemma 3.1. There exist an involution r ∈ A\G, a Sylow 7-subgroup D of
G, and a Sylow 3-subgroup R⊥ of K which satisfy the following conditions:
(1) r inverts all elements of V and centralizes NGV /V ∼= L32, but
no element of NGV \V is centralized or inverted by r.
(2) r normalizes R and K with CRr = a and Kr ∼= PGL29.
(3) mr = l−1m3, str = xst, sr = sv2v1v−13 ε for some ε = ±1,
where sr is conjugate to sv1 under the action of V .
(4) mr is an element of order 8 in A\G normalizing R and R⊥ with
square mr2 = lm4−1. For U = R× R⊥,
NAR ∩NAU =
(
NGR ∩NGU
)mr
and
NGR ∩NGU = NGR ∩NGR⊥ =
(Rlm4 × R⊥x)mst
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(5) D = c1 c2 ∼= 71+2+ for some elements c1, c2 of order 7, and
NGD = Da x st. Moreover, c = c1 c2 is a generator of the center
of D, and
ca = c2 ca1 = c41 ca2 = c42 cx = c cx1 = c2 cx2 = c−11 
cst = c−1 cst1 = c2 cst2 = c1 ar = a xr = x−1 str = xst
cr = c−1 cr1 = c1c2c3i cr2 = c1c−12 c−3i for some i = ±2
Proof. By the argument in the proof of [11, Lemma 11.4], there is an
involution r of A\G normalizing CGx2 such that it induces an inverse-
transpose automorphism on CGx/x ∼= L34. Then r inverts a Sylow
7-subgroup c of the centralizer L32 by a ﬁeld automorphism of L34
commuting with r. As c commutes with the element x of order 4, it lies in
the G-class 7A, and so D = O7CGc ∼= 71+2+ is a Sylow 7-subgroup of G.
Since NGD is a split extension of D by 3×D8 [11, Lemma 6.3] and the
elements of order 3 form a single G-class, we may assume that NGD =
Da x st on which an involution r of A\G acts, replacing c, D, and r by
some conjugates. We may also assume that r normalizes a x st, as it is a
Sylow 2-normalizer in NGD. Then x st r is a 2-subgroup of order 16 of
GL27 ∼= OutD. Since a Sylow 2-subgroup of GL27 is D32 and x st r
contains an involution r outside D8 ∼= x st, we have x st r ∼= D16. In
particular, xr = x−1 and we may take str = xst, replacing r by rst if
necessary.
As a induces a scalar transformation on D/ZD, r centralizes a modulo
ZD, and hence a r = 1. Then r acts on R = O3CGa and K =
CGa∞. We also have CRr = a, as a Sylow 3-subgroup of CGr ∼= J1
[11, Lemma 11.4] is of order 3. As Kr\K contains an involution r and an
element str of order 8 (with square ststr = x−1), it is isomorphic to
Kr ∼= PGL29.
The involution r normalizes CGK = Rlm4 and so a Sylow 2-subgroup
of CGK. Replacing r by rg (and D by Dg) for some g ∈ R, we may assume
that r normalizes lm4 ∈ Syl2CGK. (Note that the action of rg on K
coincides with that of r, because gK = 1.) Then r normalizes CGlm4 x.
It is immediate to see that the last centralizer coincides with V , because
the image of lm4 in the factor group CGx/x ∼= L34 [11, Lemma 4.15]
is of order 4, and hence its centralizer in L34 is of order 24 = V /4 (see,
e.g., [2, p. 24]). Thus, r normalizes V , and claim (1) follows by applying
the arguments in the proof of [11, Lemma 11.3]. Claims (1) and (2) are
established.
We will show claim (3). We already have the equation str = xst. In
the next few paragraphs, we determine the action of r on m. As r centralizes
NGV /V and m = s2v23 ∈ NGV , we have mr = mv for some v ∈ V . Since
r normalizes R and lm4 x, it also normalizes NGR ∩ NGlm4 x,
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which is lm4 x stm = lm st = T . Thus, v = m−1mr ∈ V ∩ T =
lm4 × x, and hence v = lm4ixj for some i j = 0     3. As m2 ∈ V is
inverted by r, we have m−2 = m2r = mv2 = m2vmv. The last expression
is equal to m2x2j = m2+4j , as m inverts lm4 but centralizes x = l2m2. Thus,
m−2 = m2+4j , and so j = 1 or 3.
Suppose j = 1. Then mr = mlm4ix ≡ mx ≡ m3 modulo lm4. Passing
to the factor group NAR/CGK ∼= AutA6, this implies that the con-
jugacy class 8C (with the notation in [2, p. 6]) of M10 ∼= NGK/CGK
represented by m¯ as well as m¯3 is invariant under the conjugation by an
involution r¯ outside M10. However, it is straightforward to see that two
classes 8C and 8D∗∗ of M10 outside A6 are fused under AutA6. This
contradiction shows that j = 3.
Then mr = mlm4ix−1 for some i = 0     3. If i = 2 or 0, then mr =
m−1 or mrl = mx−1l = m−1, respectively. In any case, m ∈ NGV \V is
inverted by an outer involution r or rl (note that lr = l−1, as l ∈ V ). How-
ever, the outer involutions r and rl normalize NGV , and so they never
invert an element of NGV  outside V by claim (1). This contradiction
shows that i = 1 or 3, and mr = mlm4±1x−1. As m inverts lm4 but cen-
tralizes x, replacing r by rm (and D by Dm) if necessary, we may assume that
mr = mlm4−1l2m−2 = l−1m3. (Note that st · rm = x−1strm = str5m
is of order 8 with square x−1, and hence rm and r satisfy the same relations
with st.)
As m = s2v23 and r inverts V , we have s2r = s2v−12 v−13 from the relation
mr = l−1m3. Since r centralizes NGV /V , we may write sr = svi1vj2vk3 for
some i j k ∈ 0 1 2 3. Then s2v−12 v−13 = sr2 = s2vi1vj2vk3 svi1vj2vk3 =
s2vi+k1 v
i+j−k
2 v
j+2k
3 . Thus, we have k ≡ −i, j ≡ −1+ 2i modulo 4, and sr =
sv−11 v1v22v−13 i for some i ∈ 0 1 2 3. As st inverts s, the element
s · str = srstr = stv1v22v−13 sv−11 v1v22v−13 i = s2tv22v3v1v22v−13 i
is an involution. Then we can check that i = 1 or 3, and hence sr =
sv−11 v1v22v−13 ±1. Then it follows from [11, Lemma 2.9(ii)] that sr is conju-
gate to sv1 under the action of V . Claim (3) is proved.
Now let R⊥ be a Sylow 3-subgroup of Kr ∼= PGL29 normalized by
an element str of order 8, and set U = R×R⊥. Then U ∼= 34 is a Sylow
3-subgroup of G.
We will show that NGR ∩NGR⊥ = NGR ∩NGU. Clearly, the left
subgroup is contained in the right subgroup. To show the converse, observe
that there are just 10 Sylow 3-subgroups of G containing R, since such
subgroups correspond to the 10 Sylow 3-subgroups of CGR/R = K ∼= A6.
Moreover, NGU is transitive on the 10 conjugates of R contained in U ,
because Rg < U implies that R < Ug
−1 ≤ R × K, and so Ug−1 = Uk for
some k ∈ G, and thus Ug = Ukg with kg ∈ NGU. In particular, NGU ∩
NGR is of index 10 in NGU, which establishes the above equality.
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We will now determine NGR ∩ NGR⊥. This subgroup has order
NGR/10 = 2534 and contains Rlm4 × R⊥l2m2 with index 2, as
NKrR⊥ = R⊥str by our choice of R⊥ (note that rst2 = x−1). Let
T0 be a Sylow 2-subgroup of NGR ∩NGR⊥ containing lm4 x. Then
T0  lm4 x = 2 and hence T0 ≤ NGlm4 x ∩ NGR = T . Thus, T0
is a subgroup of T of index 2 normalizing both R and R⊥. Then it follows
from [11, Lemma 5.8(1)] that T0 = lm4 xmst and NGR ∩NGR⊥ =
Ulm4 xmst.
Since NAR ∩ NAR⊥  NGR ∩ NGR⊥ ≤ 2 and str normal-
izes R and R⊥, we have NAR ∩ NAR⊥ = NGR ∩ NGR⊥str =
R  lm4 × R⊥  l2m2mststr = R  lm4 × R⊥  l2m2
mstmr. Thus, claim (4) is veriﬁed.
It remains to check claim (5). We may choose elements c1, c2 of D ∼= 71+2+
satisfying the relations in the claim with a, x, and st. The actions of r on
a, x, and st are already obtained. As r induces an inverse-transpose auto-
morphism on CGx/x ∼= L34 (see the proof of [11, Lemma 11.4]),
r does not centralize an element c of CGx of order 7. As r normal-
izes ZD = c, we have cr = c−1. Finally, as r exchanges xst and st, it
also exchanges CDxst = c1 and CDst = c1c2c3. Thus, cr1 = c1c2c3i
for some i = ±1±2±3. Using str = rxst, then we have cr2 = cstr1 =
cr1xst = c1c2c3xsti = c1c−12 c−3i. To restrict i, we note c1 c2 = c and
c−1 = cr = cr1 cr2. Putting the above expressions for cr1 and cr2 in the last
commutator, we have c−1 = ci1ci2 ci1c−i2  = c−i
2−i2 , as c1c2c3i is ci1ci2 mod-
ulo ZD, etc. Thus, we have 1 ≡ 2i2 (mod 7), whence i = ±2.
In the following, we use the letters r, R⊥, U , and D to denote the involu-
tion of A\G, the Sylow 3-subgroups of K and G, and the Sylow 7-subgroup
of G in Lemma 3.1, respectively. Following the notation in Section 3.1.3,
we also use the letters F and L to denote subgroups D10 and 21+4− of a
complement to U in NGU, identiﬁed with explicit subgroups of Sp43.
3.3. Correspondence between NĜP̂- and NGP-Classes
Before giving explicit representatives for the conjugacy classes of some
local subgroups of G as well as Ĝ, we give some remarks.
The map sending a p-subgroup P of G = Ĝ/ZĜ to the largest nor-
mal p-subgroup P̂ of its full inverse image in Ĝ gives a bijection of the
p-subgroups of G with the p-subgroups of Ĝ containing OpĜ. Then this
map induces a bijection between pG and pĜ, and hence between
pG and pĜ.
The inverse image of an element g ∈ G in Ĝ consists of three elements
gˆ, zgˆ, and z2gˆ, where z is a generator of ZĜ and gˆ is an element of Ĝ
with gˆZĜ = g. These three elements are conjugate under Ĝ if and only
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if they are under some element in the inverse image Ĉ of CGg. If g is a
3′-element, we may take gˆ as a 3′-element as well. In particular, gˆ is never
conjugate to zgˆ. Assume to the contrary that g has order multiple of 3.
As ZĜ is a 3-group, there is a Sylow p-subgroup of Ĉ that centralizes
gˆ unless p = 3. As a Sylow 3-subgroup of Ĝ is an extraspecial group 31+4+
with center ZĜ, a Sylow 3-subgroup of Ĉ centralizes gˆ exactly when its
image in CGg is an isotropic subspace of a Sylow 3-subgroup U ∼= 34 with
respect to a symplectic form invariant under NGU. If a Sylow 3-subgroup
of CGg is a nonisotropic subspace, then three elements gˆ, zgˆ, and z2gˆ
form a single conjugacy class under Ĉ.
In particular, the conjugacy classes of a subgroup Ĥ of Ĝ containing
ZĜ can be read from those of the image H = Ĥ/ZĜ as follows: The
inverse image in Ĝ of the H-class  of an element g consists either of a
single Ĥ-class of length three times  or of three classes of lengths 
with representatives gˆ, zgˆ, and z2gˆ. The former holds exactly when g has
the order multiple of 3 and a Sylow 3-subgroup of CGg is conjugate to a
nonisotropic subspace of U with respect to a symplectic form preserved by
NGU.
3.4. Conjugacy Classes of Some Local Subgroups
We will now give explicit representatives for the conjugacy classes of
CGj ∼= 4 · L34  2, where j = x2 = m4 = v21v23;
NGV  ∼= 43 · L32;
NGV p ∼= 43 · S4, where V p = V s2 t;
NGR ∼= 324×A6  2; and
NGD ∼= 71+2+  3 × D8, where D is a Sylow 7-subgroup of G in
Lemma 3.1;
as well as their correspondences in Ĝ (see the previous paragraph). It fol-
lows from Lemma 3.1(1), (2), and (5) that these groups are normalized by
the involution r ∈ A\G in Lemma 3.1. (Note that V p/V is a subgroup of
NGV /V , which is centralized by r.)
We will also give representatives for the classes of the following groups
as well as their correspondents in Ĝ:
NGU ∼= 34  21+4−  D10, where U is a Sylow 3-subgroup of G in
Lemma 3.1; and
NGR ∩NGU ∼= 344× 4  2.
Note that the element mr ∈ A\G of order 8 in Lemma 3.1 normalizes
those groups by Lemma 3.1(4).
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The group NGR ∩NGU = NGR ∩NGR⊥ has two presentations:
one is in terms of symplectic linear transformations in Section 3.1.3 as a
subgroup of NGU and the other is in terms of abstract generators of
NGR in Section 3.1.2. To combine them, we examine the former presen-
tation furthermore.
Setting u1 = i2i5n and u2 = i1i2n, we have u21 = −i3 and CUu1 =
e2 e3 and u22 = i3 and CUu2 = e1 e4. Moreover, i1i2 inverts all ele-
ments of u1 u2 ∼= 4 × 4. Thus, R and R⊥, respectively, correspond to
the nonisotropic subspaces e1 e4 and e2 e3. Moreover, we may assume
that u1 (resp. u2) or its inverse corresponds to lm4 (resp. x). Furthermore,
NGR ∩NGR⊥ = NGU ∩NGR corresponds to the semidirect prod-
uct U  u1 u2i1i2.
Among the above seven local subgroups, all except NGV p, NGR ∩
NGU, and NGD are maximal subgroups of G. The character tables of
their correspondents in Ĝ has already been calculated and is contained in
the library of GAP. For the three exceptions, it is straightforward to calcu-
late the classes and to ﬁnd irreducible characters, based on the descriptions
of those groups given in Section 3.1 and Lemma 3.1(4) and (5). Here we
only give an explicit representative for each class of those local subgroups
of G, in order to determine the action of the elements r or mr on the
classes of those local subgroups.
In Tables 1 and 4, b denotes an element of order 5 of K. Also, c denotes
the element of order 7 in Lemma 3.1(5). We saw above that a Sylow
3-subgroup R of CGj is a nonisotropic subspace of U . Thus, it follows
TABLE 1
Conjugacy Classes of CGj
Name Rep. g Cg Powers Name Rep. g Cg Powers
1A 1 293257 20B x−1b 225 5A× 4A
4A x = l2m2 283257 2A 7A c 227
2A j = x2 = m4 293257 28A xc 227 7A× 4A
14A jc 227 7A× 2A2B v22v23 28
4B s4 = v1v3 28 2A 28B x−1c 227 7A× 4A
3A a 2332 2C st 2432
12A ax 2232 3A× 4A 4F stv21 24 2B
6A aj 2232 3A× 2A 6B ast 2232 3A× 2C
4C l = v1v−12 27 2B 6C axst 2232 3A× 2C
4D v1v2 26 2B 8C stv1 24 4C
4E lm4 = v−11 v−12 v23 27 2B 8D stv3 24 4C
8A s2 25 4B 16A s 24 8A
8B s2v1v2 25 4B 16B sv1v3 = s5 24 8A
5A b 225 16C sv1 24 8B
20A xb 225 5A× 4A 16D sv−13 = sv15 24 8B
10A jb 225 5A× 2A
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from the last remark in Section 3.3 that the inverse image in Ĝ of a CGj-
class C forms a single class under CĜjˆ exactly when C is one of ﬁve
classes of elements of order multiple of 3: 3A 6A     6C 12A. In par-
ticular, CGj and its inverse image in Ĝ have 31 and 331 − 5 + 5 = 83
classes, respectively.
In Table 2, τ denotes an element of order 3 of NGV  centralizing x. The
letter c′ denotes an element of order 7 in NGV  (which is a 7B-element of
G, while the element c lies in the G-class 7A). As a Sylow 3-subgroup of
NGV  is of order 3, which is always isotropic, a Sylow 3-subgroup of the
corresponding normalizer in Ĝ splits over ZĜ. By a theorem of Gaschu¨ts,
the corresponding normalizer to NGV  in Ĝ splits over ZĜ, and hence
it is isomorphic to 3×NGV .
Since the 4A-elements in V p = V s2 t ∼= 43 · 22 generate V , we have
NGV p ≤ NGV , and hence NGV p = V s tτ ∼= 43S4, where τ
is an element of order 3 cyclically permuting three cosets s2V , tV , and
s2tV . Then τ acts on the subgroup of V centralizing every elements in
those cosets, which is CV s2 t = x. Thus, τ centralizes x, and it is the
same as the representative appeared (denoted τ as well) in Table 2. It is
straightforward to calculate the conjugacy classes of NGV p. The results
are summarized in Table 3, where τ denotes the same element as in Table 2,
and the last two columns show the fusion in NGV  and CGj (with the
class names in Tables 2 and 1). Since the inverse image of NGV  in Ĝ
splits over ZĜ, that of NGV p does as well.
In Table 4, a′ is a nontrivial element of R⊥, and a = a1 and a2 (resp.
a′1 and a
′
2) are representatives of two lm4-orbits in R# (resp. x-orbits
in R⊥#). For each representative g of a class, the last column denotes
the name of the conjugacy class of NGR/CGK ∼= M10 which contains
the coset CGKg (following [2, p. 5]). In particular, the 24 classes other
than the last six correspond to the classes of Rlm4 × K ∼= 32  4 ×
TABLE 2
Conjugacy Classes of NGV 
Name Rep. g Cg Powers Name Rep. g Cg Powers
1A 1 2937 16B sv1 24 8B
2A j 293 16C sv1v3 = s5 24 8A
4A x 283 2A 16D sv−13 2
4 8B
4B s4 = v1v3 28 2A 7A c′ 7
2B st ∼ s2v−11 25 7B c′−1 7
4B stv21 ∼ s2v1 25 2A 3A τ 223
8A stv1 ∼ s2 25 4B 6A τj 223 3A× 2A
8B stv3 ∼ s2v1v2 25 4B 12A τx 223 3A× 4A
16A s 24 8A
12B τx−1 223 3A× 4A
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TABLE 3
Conjugacy Classes of NGV p
Name Rep. g Cg NGV  CGj Name Rep. g Cg NGV  CGj
1A 1 293 1A 1A 2D st 24 2B 2C
2A j 293 2A 2A 4G stv21 24 4C 4F
4A x 283 4A 4A 8C stv1 24 8A 8C
8D stv3 24 8B 8D2B v22v
2
3 2
8 2A 2B
4B s4 = v1v3 28 4B 4B 16A s 24 16A 16A
4C l = v1v−12 27 4B 4C 16B sv1 24 16B 16B
4D v−11 v−12 v
2
3 2
7 4A 4E 16C s5 24 16C 16C
4E v1v2 26 4B 4D 16D sv15 24 16D 16D
2C s2v−11 25 2B 2B 3A τ 223 3A 3A
4F s2v1 25 4C 4B 6A τj 223 6A 6A
8A s2 25 8A 8A 12A τx 223 12A 12A
8B s2v1v2 25 8B 8B 12B τx−1 223 12B 12A
A6 under the action of NGR. From the last remark in Section 3.3, the
inverse image in Ĝ of an NGR-class C forms a single class under NĜR̂
exactly when C is one of 11 classes of elements of order multiple of 3:
3A     3D 6A 6B 12A     12C 15A, and 15B. (Observe that each cen-
tralizer contains nonisotropic subspaces R or R⊥.) Thus, the inverse image
NĜR̂ of NGR in Ĝ has 330− 11 + 11 = 68 classes.
In Tables 5 and 6, we use the same notation as in Section 3.1.3 and the
exposition above. Note that we use the letter b to denote the symplectic
transformation in Section 3.1.3, but not an element of order 5 in K as in
Tables 1 and 4, though they are conjugate under G. From the last remark
in Section 3.3, the inverse image in Ĝ of an NGU-class C forms a single
class under NĜÛ exactly when it is one of four classes of elements of
order multiple of 3: 3A 6A 12A 12B. Thus, NĜÛ has 318− 4 + 4 =
46 classes.
In Table 6, for each class of NGR ∩NGU, the ﬁrst (resp. second) col-
umn provides a representative using its description Rlm4 ×R⊥xmst
as a subgroup of NGR (resp. e1 e4u1 × e2 e3u2 i1i2 as a sub-
group of NGU). In the ﬁrst column, we also use the same letters as in
Table 4 to denote some elements of R and R⊥. From the last remark in
Section 3.3, the inverse image in Ĝ of an NGR ∩NGU-class C forms a
single class under NĜR̂ ∩NĜÛ exactly when it is one of 10 classes of
elements of order multiple of 3 3A     3D 6A 6B 12A     12D. Thus,
NĜR̂ ∩NĜÛ has 324− 10 + 10 = 52 classes.
Finally, we give the classes of NGD in Table 7. We use the notation
in Lemma 3.1(5). We also set e = st for short. As a Sylow 3-subgroup of
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TABLE 4
Conjugacy Classes of NGR
Rep. g Name Centralizer Cg ∩NGR CNGRg Length M10
1 1A 26345 1 1A
l2 2A lm4 ×Kmst 26325 9 1A
lm4 4A lm4 ×K 25325 18 1A
a 3A R×K 23345 8 1A
m4 2B Rlm4 × l2m2 stmst 2632 45 2A
l2m4 2C lm4 × l2m2 stmst 26 405 2A
l 4C lm4 × l2m2 st 25 810 2A
am4 6A R× l2m2 st 2332 360 2A
l2m2 4B Rlm4 × l2m2m 2532 90 4A
m2 4D lm4 × l2m2m 25 810 4A
lm−2 4E lm4 × l2m2 24 1620 4A
al2m2 12A R× l2m2 2232 720 4A
a′ 3B Rlm4 × R′ 2234 80 3A
a1a
′ 3C R× R′ 34 320 3A
a2a
′ 3D R× R′ 34 320 3A
l2a′ 6B lm4 × R′ 2232 720 3A
lm4a′ 12B lm4 × R′ 2232 720 3A
l−1m4a′ 12C lm4 × R′ 2232 720 3A
b 5A Rlm4 × b 22325 144 5A
l2b 10A lm4 × b 225 1296 5A
a1b 15A R× b 325 576 5A
a2b 15B R× b 325 576 5A
lm4b 20A lm4 × b 225 1296 5A
l−1m4b 20A lm4 × b 225 1296 5A
mst 4F l2 × mst 23 3240 4C
lm4mst 4G l2 × mst 23 3240 4C
m 8A l2 × m 24 1620 8C
lm4m 8B l2 × m 24 1620 8C
m−1 8C l2 × m 24 1620 8D∗∗
lm4m−1 8D l2 × m 24 1620 8D∗∗
NGD has order 3, it follows from the argument for Tables 2 and 3 that the
inverse image of NGD in Ĝ splits over ZĜ. Thus, NĜD̂ ∼= 3×NGD.
3.5. Actions of Some Outer 2-Elements
Lemma 3.2. The actions of r on the conjugacy classes of CGj, NGV ,
NGV p, NGR, and NGD are given as follows, with the notation above:
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TABLE 5
Conjugacy Classes of NGU = U  F
Rep. g Name Centralizer Cg ∩NGU Length
I 1A E  F ∼= 34  21+4− · F 25 1
e1 3A Eu2 ∼= 32 × 32  4 80
−I 2A F ∼= 21+4− · F 25 81
i3 2B e1 e4u1 u2i1i2 ∼= 32  4× 4  2 90
e1i3 6A e1 e4u1 ∼= 32  4 720 2B × 3A
i1i2 4B i1i2 i3 i4i1nb 810 x2 = −I ∈ 2A
i1i3 4C i1i3 i2 i5i2nb−1 810 x2 = −I ∈ 2A
b 5A −I b ∼= 10 2592
b2 5B −I b ∼= 10 2592
−b 10A −I b ∼= 10 2592
−b2 10B −I b ∼= 10 2592
n 4E i3 n ∼= 2 × 4 3240 x2 = −I (in 2A)
u2 4A e1 e4u1 u2 ∼= 32  4 × 4 180 x2 = i3 ∈ 2B, x ∼ u1
e1u2 12A e1 e4u2 ∼= 32 × 4 720 3A× 4A
e1 + e4u2 12B e1 e4u2 ∼= 32 × 4 720 3A× 4A
−u2 4D u1 u2 ∼= 4× 4 1620 x2 = i3 ∈ 2B
i1n 8A i1n ∼= 8 3240 x2 = −i1i5 ∈ 4B
i2n 8B i2n ∼= 8 3240 x2 = −i2i4 ∈ 4C
(i) On the CGj-classes, 8A 8B20A 20B6B 6C8C 8D
16A 16C16B 16D.
(ii) On the NGV -classes, 8A 8B16A 16B16C 16D12A
12B.
(iii) On the NGV p-classes, 8A 8B8C 8D16A 16B16C
16D12A 12B.
(iv) On the NGR-classes, 3C 3D20A 20B4F 4G8A 8D
8B 8C.
(v) On the NGD-classes, 7B 7C2B 2C14B 14C6C 6E
6D 6F.
Proof. In view of the representatives of the classes of NGD in Table 7,
claim (v) is easily veriﬁed using Lemma 3.1(5).
(iii) As r centralizes NGV /V (≥ NGV p/V ), we may assume that
the representative τ of the NGV p-class 3A (see Table 3) is centralized
by r, by replacing τ by its conjugate under V .
It follows from Lemma 3.1(2) that sr is conjugate to sv1 under V , and
so sv1v3r = sv1rv−13 is conjugate to sv−13 under V . Thus, r induces
16A 16B and 16C 16D on the elements of order 16 of NGV p. As
r inverts V , r stabilizes the classes 1A, 2A, 2B, 4X (X = A     E) con-
tained in V , as they are real classes. As r centralizes NGV p/V , r induces
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TABLE 6
Conjugacy Classes of NGR ∩NGU
Rep. Rep. Name Centralizer Length In NGR In NGU
1 I 1A 1 1A 1A
l2 −i3 = u21 2A 4× 32  4  2 9 2A 2B
lm4 u1 4A 4× 32  4 18 4A 4A
a e1 3A 32 × 32  4 8 3A 3A
m4 i3 = u22 2B 32  4 × 4  2 9 2B 2B
l2m4 −I = u21u22 2C 4× 42 81 2C 2A
l u1u
2
2 4C 4× 4 162 4C 4D
am4 e1i3 6A 32 × 4 72 6A 6A
a′ e2 3B 32  4 × 32 8 3B 3A
a1a
′ e1 + e2 3C 34 32 3C 3A
a2a
′ e1 + e4 + e2 3D 34 32 3D 3A
l2a′ e2−i3 6B 4× 32 72 6B 6A
lm4a′ e2u1 12A 4× 32 72 12B 12A/B
l−1m4a′ e2u1−1 12B 4× 32 72 12C 12B/A
l2m2 u2 4B 32  4 × 4 18 4B 4A
m2 u21u2 4D 4× 4 162 4D 4D
l−1m−2 u1u2 4E 4× 4 162 4E 4C
lm−2 u−11 u2 4F 4× 4 162 4E 4B
a1l
2m2 e1u2 12C 32 × 4 72 12A 12A
a2l
2m2 e1 + e4u2 12D 32 × 4 72 12A 12B
mst i1i2 4G 22 324 4F 4B
lm4mst i2i4n 4H 22 324 4G 4E
l2m2mst −i3n 4I 22 324 4F 4E
l2m−2mst i1i3 4J 22 324 4G 4C
at most the permutation 8A 8B8C 8D12A 12B on the elements of
NGV p of order not equal to 16, in view of the orders and the size of the
centralizers of representatives. As s2r = s2v−12 v−13 = s2v1v2v1v2v3 (for the
ﬁrst equality, see the proof of Lemma 3.1), r interchanges the classes 8A
and 8B. As stv1r = strv−11 = stv21v22v23 = stv3v1v2 by Lemma 3.1, r
induces 8C 8D. As r centralizes τ and inverts x, we see that r induces
12A 12B.
(ii) As r centralizes NGV /V , r stabilizes the two NGV -classes
of order 7. As the remaining classes nontrivially intersect NGV p, in
view of the fusion of the NGV p-classes in NGV  (see Table 3), the
arguments in the proof of (iii) also show that r induces the permutation
8A 8B16A 16B16C 16D12A 12B on the NGV -classes.
(i) For the CGj-classes, the arguments in the proof of (iii) show that
r induces at least the permutation 8A 8B8C 8D16A 16C16B 16D
and that it stabilizes each class with a representative in V . Observing the
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TABLE 7
Conjugacy Classes of NGD
Name Rep. Centralizer Length Name Rep. Centralizer Length
1A 1 1 2C xe c1 a xe 98
7A c Dx 6 14C = 2C × 7B c1xe c1 xe 588
7B c1 c c1xe 84 3A a a x e 343
7C c1c2c3 c c1c2e 84 3B a−1 a x e 343
7D c1c22 c c1c22 168 6A = 2A× 3A ax2 a x e 343
2A x2 c a x e 49 6B = 2A× 3B a−1x2 a x e 343
14A = 2A× 7A cx2 c x 294 12A = 4A× 3A ax a x 686
4A x c a x 98 12B = 4A× 3B a−1x a x 686
28A = 4A× 7A cx c x 294 6C = 2B × 3A ae a x2 e 686
28B = 4A× 7A c3x c x 294
6D = 2B × 3B a−1e a x2 e 686
2B e c1c2e3 a e 98 6E = 2C × 3A axe a x2 xe 686
14B = 2B × 7C c1c2c3e c1c2e3 e 588 6F = 2C × 3B a−1xe a x2 xe 686
orders and the size of the centralizers of representatives, the other pos-
sible permutations are at most 20A 20B, 28A 28B, and 6B 6C. As
r induces an inverse-transpose automorphism on L34 ∼= CGx/x (see
the proof of [11, Lemma 1.14]), r centralizes an element b of CGx of
order 5. Moreover, the element c in Lemma 3.1 is an element of order
7 in CGx inverted by r. Then bx and bx−1 are representatives of the
classes 20A and 20B, which are ﬂipped by r. Furthermore, r sends a rep-
resentative cx to c−1x−1, which is conjugate to cx under some element in
CGj \ CGx. Hence, r ﬁxes the classes 28A and 28B. As r centralizes
a ∈ R# and str = xst by Lemma 3.1, we have astr = astr = axst,
whence r ﬂips 6B and 6C.
(iv) Note ﬁrst that r ﬂips the classes 8C and 8D∗∗ of M10 ∼=
NGR/CGK but stabilizes the other classes. From Lemma 3.1, we
have mr = lm4m−1 ∈ 8D and mstr = l−1m3 · l2m2st = lm5st ∈ 4G.
Thus, r induces the permutation 4F 4G8A 8D8B 8C on the classes
outside CGK ×K.
Observing the orders and the sizes of the centralizers of representa-
tives for classes corresponding to each coset of CGK stabilized by r, it is
immediate to see that r induces at most the following permutations on the
classes of NGR contained in CGK ×K 3C 3D12B 12C15A 15B
20A 20B.
As Kr ∼= PGL29, we have CKr ∼= D10. Taking an element b ∈ K
of order 5 centralized by r, a representative lm4b of 20A is sent by r to
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lm4−1b ∈ 20B. As lm4 r ∼= D8 does not act ﬁxed point freely on R ∼= 32,
it is not transitive on R#, and r preserves each of the two lm4-orbits on
R# (with representatives a1 and a2). This implies that r stabilizes the classes
15A and 15B, as they are represented by a1b and a2b. On the other hand,
since Kr ∼= PGL29, r interchanges the permutation types of elements
of K ∼= A6 of order 3. Hence, the image a′r of an element a′ ∈ R⊥# can
be written as a′g for some element g ∈ NGR outside CGK ×K. Since
g interchanges two lm4-orbits on R#, we see that a1a′rg−1 = arg
−1
1 a
′ is
conjugate to a2a′ under NGR, and hence a1a′r lies in the class 3D.
Thus, r induces 3C 3D. This also shows that lm4a′rg−1 = lm4rg−1a′ =
lm4−1g−1a′. As an element of NGR outside CGK × K inverts lm4
modulo R, lm4−1g−1 is conjugate to lm4a′ under R. Hence, lm4a′rg−1
and so lm4a′r lie in the class represented by lm4a′, and r stabilizes the
classes 12B and 12C.
Lemma 3.3. The actions of mr on the conjugacy classes of NGU and
NGR ∩NGU are as follows, with the notation above:
(i) On the NGU-classes, 4B 4C5A 5B10A 10B8A 8C.
(ii) On the NGR ∩ NGU-classes, 4E 4F3C 3D4G 4J
4H 4I.
Proof. The element mr also induces a nondegenerate linear transfor-
mation on U = GF34 stabilizing two subspaces R = e1 e4 and R⊥ =
e2 e3. Thus, it is of the shape
e1 → ae1 + be4 e2 → αe2 + βe3 e3 → γe2 + δe3 e4 → ce1 + de4
for some a b c d αβ γ δ ∈ GF3. We may further restrict the shape
of mr, using the equation mr2 = lm4−1 and the fact that mr inverts
x in Lemma 3.1(1) and (3). As we saw above, the explicit matrix shapes
for lm4−1 and x are explicitly known as u±11 and u±12 , respectively. The
calculation shows that each of the actions of mr on R and R⊥ have four
possibilities in matrix form with respect to e1 e4 and e2 e3( a b
c d
)
= ±
( 1 1
−1 1
)
or its transpose(
α β
γ δ
)
= ±
(
1 0
0 −1
)
or ±
( 0 1
1 0
)

Thus, in total, there are 16 possible matrix shapes for mr. However, we can
verify that they are all the same modulo u1 u2. Hence, in order to check
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the action of NAU = NGUmr on the conjugacy classes of NGU, we
may assume that mr is one of those 16 possible shapes, for example,
mr e1 → e1 + e4 e2 → e2 e3 → −e3 e4 → −e1 + e4
The same remark is applied to the action of NAU ∩ NAR =
Uu1 u2i1i2mr on the conjugacy classes of NGR ∩NGU.
Now claims (i) and (ii) above can be veriﬁed by straightforward calcula-
tions on the transformations representing classes in Tables 6 and 7.
From the above information, it is immediate to determine the actions of
r on the conjugacy classes of G (see [2, p. 133] or [11, Table 2] for the
character table). In view of the lengths and the orders of representatives,
r stabilizes all classes except possibly those of elements of order 8, 16, 15,
19, 20, 28, and 31. As CGr ∼= J1 contains a Sylow 19-subgroup of G,
r stabilizes all classes 19A     19D. By the Sylow theorem, r exchanges
31A and 31B. On the other classes, the actions of r can be read from
Lemmas 3.1–3.3, as those classes intersect some of the local subgroups
examined in this section and the fusions of these local subgroups in G are
easily determined. The results are summarized as follows.
Lemma 3.4. The involution r induces the following permutation on the
classes of G:
8A 8B16A 16B16C 16D20A 20B31A 31B
Finally, we describe the precise action on V of an element τ in NGV p
of order 3 in Tables 2 and 3. In Section 5, this information is used to
calculate the action of NGV p on the irreducible characters of V .
Lemma 3.5. If τ is an element of order 3 of NGV p cyclically permuting
three cosets s2V , s2tV , and tV in this ordering, then we may assume that the
following hold, replacing τ by its suitable conjugates under s2 tV and the
elements vi simultaneously by vix2 i = 1 2 3, if necessary.
vτ1 = v2 vτ2 = v2v−13  vτ3 = v−11 v2v−13 
Proof. For brevity, we set W = v2  v ∈ V  and wi = v2i (i = 1 2 3).
As τ normalizes CV s2V s2tV tV  = CV s2 t = x ∼= 4, it centralizes x.
As τ−1s2τ ≡ s2t and τ−1tτ ≡ s2 modulo V , we have
∗ vs2τ = vτs2t and vtτ = vτs2 for all v ∈ V
Note that τt and τs
2
induce the same permutation s2V s2tV tV  as τ,
because s2 t ﬁxes all those cosets.
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As τ permutes CW s2V  = x2 w1w2, CW s2tV  = x2 w1, and
CW tV  = x2 w2, in this ordering, we have wτ1 = w2x2α and wτ2 =
w1w2x
2β for some αβ = 0 1. As wt1 = w2x2, wt2 = w2, ws
2
1 = w2x2, and
ws
2
2 = w2x2, we may assume α = 0 and β = 1, replacing τ by τt and
then τs
2
if necessary. Thus, wτ1 = w2, wτ2 = w2x2 = w1w2w3.
Taking the roots in V of those equations, we have vτ1 = v2w and vτ2 =
v2v−13 w
′ for some ww′ ∈ W . As xτ = x, we then have vτ3 = x−1v1v22τ =
x−1v2ww2w3 = v−11 v2v−13 w. Putting v = v1 and v2 in the ﬁrst equation
in ∗, we have(
vs
2
1
)τ = vτ3 = v−11 v2v−13 w equals vτ1s2t = v2ws2t = v−11 v2v−13 ws2t (
vs
2
2
)τ = (v1v−12 v3)τ = v−11 v2w′ equals vτ2s2t = (v2v−13 w′)s2t = v−11 v2w′s2t 
Thus, ww′ ∈ CW s2t. Similarly, from the last equation in ∗ for v =
v1 and v2, we have ww′ ∈ CW t. Hence, ww′ ∈ CW s2 t = x2. In
particular, they are centralized by V s t τ.
We may verify that the action of τsτ on W coincides with that of s−1t
by examining their actions on the basis wi (i = 1 2 3). As CGW  = V ,
their actions on V are identical as well. In particular, we have vτsτ2 = vs
−1t
2 .
Calculating both sides, we have w = 1. Thus, vτ1 = v2, vτ2 = v2v−13 w′, and
vτ3 = v−11 v2v−13 for some w′ ∈ x2.
Now note that, for g ∈ s t and every i = 1 2 3, vgi is a product of an
odd number of v±1j ’s (see [11, Lemma 2.1]). As x
2 is a central involution of
V s t, the action of g on the basis vix2 (i = 1 2 3) has the identical form
as that on the basis vi (i = 1 2 3). However, as vτ2 = v2v−13 w′, we have
v2x2τ = v2x2v3x2−1w′x2. Hence, replacing vi by vix2 (i = 1 2 3)
if necessary, we may assume that w′ = 1, without altering the actions of
elements s and t.
4. DADE’S CONJECTURE FOR THE O’NAN SIMPLE GROUP
We identify the two sets pG and pĜ. (See Section 3.3.) Fix a
nontrivial irreducible character ξ of ZĜ. Then IrrZĜ = 1 ξ ξ−1.
For ζ ∈ IrrZĜ and a subgroup H of Ĝ containing ZĜ, let IrrHζ
denote the set of irreducible characters of H lying over ζ. The automor-
phism r in Lemma 3.1 sends ξ to ξ−1. In particular, it gives a bijection from
IrrHξ to IrrHr ξ−1.
As is shown in the Atlas, Ĝ has 80 irreducible characters of which 30
have ZĜ in their kernels. Thus, G has 30 irreducible characters. The
characters of Ĝ are distributed into IrrĜ1, IrrĜξ, and IrrĜξ−1 as
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follows:
IrrG = IrrĜ1 = χ1 χ2     χ30
IrrĜξ = χ31 χ32     χ55
IrrĜξ−1 = χ∗31 χ∗32     χ∗55
Here we use the same sufﬁxes as in the Atlas not as in Tables 2 and 4 in [11].
Since ξr = ξ−1, we have χri = χ∗i for all i with 31 ≤ i ≤ 55. Also, χ3 χ4,
χ5 χ6, χ8 χ9, χ13 χ14, χ16 χ17 are A-orbits and the other orbits
consist of a single element. (Here χ31 = 13376, χ51 = 25916, χ81 =
32395, χ131 = 58311, χ161 = 64790.) See Lemma 3.4.
Note that, if p = 3, then each p-block of Ĝ is contained in one of
IrrĜ1, IrrĜξ, or IrrĜξ−1. Moreover, a p-block of G can and will be
regarded as a p-block of Ĝ (V.4.3 of [5]). If p = 3, then each p-block B of
G is contained in a unique p-block B̂ of Ĝ, and we have B̂ ∩ IrrĜ1 = B
(V.4.4 of [5]). Thus, when we count the numbers of characters, we look at
a 3-block B̂ of Ĝ rather than that of G. In particular, in Section 6 below,
we roughly use kG B̂ d etc. to mean kG B̂ ∩ IrrĜ1 d. With this
convention, we deal only with p-blocks of Ĝ in the rest of this paper. This
applies also for the normalizers of chains. Furthermore, by Lemmas 2.2 and
2.3, the following holds.
Lemma 4.1. If we show, for all p-blocks of Ĝ such that the order pdB of
a defect group of B is greater than the p-part of Z and for all d, that∑
C∈pG/G
−1CkNGC B dA = 0 in the case of E = A∑
C∈pG/G
−1CkNGC B d = 0∑
C∈pĜ/Ĝ
−1CkNĜC B d ξ = 0
then Conjecture 2.1 holds for G.
When considering the action of outer automorphisms, it sufﬁces to treat
p-radical chains of G (see Section 3.3). We have studied those actions on
the normalizers of certain chains of G in the previous section.
5. THE CASE OF p = 2
In this section, we assume that p = 2.
5.1. Radical 2-Subgroups and Radical 2-Chains
By Section 3.3, radical subgroups of G are exactly those of Ĝ. Rep-
resentatives of G-conjugacy classes of radical 2-subgroups P of G and
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their centers ZP and NGP/P are as follows, where j = x2 = v21v23.
See Theorem 15 of [16].
P ZP NGP/P
V2 = v21v23 st ∼= 22 V2 32  4 × S3
V = v1 v2 v3 ∼= 4× 4× 4 V L32
V @ = V22 V2 S3
x = v1v22v−13 4A x L34  2
Cp = x24 x L24
Cp@ = x22+4 x S3
C2 = x2 j ∼= 2 32  Q8
C2p@ = x22+42 j ∼= 2 1
We examine the following radical 2-chains ﬁrst:
C0 1
C1 1 < V2 < · · · 
C2 1 < V < · · · 
C3 1 < V @ < · · · 
C4 1 < x
Consider the chains 1 < V2 < · · · . Since NGV2 is a subgroup of
NGK, it follows from Section 3.1.2 that NGV2 = R@m4 ×NKV2 ∼=
32  4 × S4. Hence, representatives of radical 2-chains of Ĝ beginning
with 1 < V2 are
C10 1<V2 NĜC10=
(
31+2+  4
)× S4
C11 1<V2 < V24× 1 NĜC11= 3× 4 × S4
C12 1<V2 < V21× 2 NĜC12=
(
31+2+  4
)×D8
C13 1<V2 < V24× 2 NĜC13= 3× 4 ×D8
C14 1<V2 < V24× 1 < V24× 2 NĜC14= 3× 4 ×D8
C15 1<V2 < V21× 2 < V24× 2 NĜC15= 3× 4 ×D8
In the above table, 4 and D8 correspond to @m4 and x st, respectively.
It follows from Lemma 3.1 that the involution r normalizes each chain
C1i for 0 ≤ i ≤ 5 and its normalizer in G. Moreover, it normalizes the
direct factors 31+2+  4, 3 × 4, S4, and D8 in NĜQ. Thus, to compute the
numbers of characters of NĜQ, it sufﬁces to consider the groups S4 and
D8. Since any automorphism of S4 is inner, r preserves conjugacy classes of
S4. Moreover, since r has order 2, it preserves conjugacy classes of D8, too.
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Thus, we have
5∑
i=0
−1C1ikNĜC1i B d ζ =
5∑
i=0
−1C1ikNĜC1i B dA ζ = 0
for all 2-blocks B of Ĝ and all d and ζ.
Consider the chains 1 < V < · · · . Since NGV /V ∼= L32, whose
Sylow 2-subgroup is D8, representatives of radical 2-chains of Ĝ beginning
with 1 < V are
C20 1<V NĜC20= 3× VL32
C21 1<V < V p NĜC21= 3× VS4
C22 1<V < V @ NĜC22= 3× V @S3
C23 1<V < VD8 NĜC23= 3× VD8
C24 1<V < V p < VD8 NĜC24= 3× VD8
C25 1<V < V @ < VD8 NĜC25= 3× VD8
Note that VD8 is a Sylow 2-subgroup of G and that V p and V @ are not
r-conjugate.
Consider the chains 1 < V @ < · · · . Since NGV @/V @ ∼= S3, represen-
tatives of radical 2-chains of Ĝ beginning with 1 < V @ are
C30 1 < V @ NĜC30 = 3× V @S3
C31 1 < V @ < V @  2 = VD8 NĜC31 = 3× VD8
It follows that NĜC22 = NĜC30 and NĜC25 = NĜC31. Since the
length of C22 and C30 have different parity, these two do not contribute the
alternating sum. The chains C25 and C31 do not either.
Consider the chains 1 < Cp < · · · . Since NGCp ≤ NGZCp =
NGx = CGv21v23, it follows from Lemma 2.4 that there exists a bijection
C  1 < Cp < · · ·  C ≥ 1 → C ′  1 < x < Cp < · · ·  C ′ ≥ 2
sending any radical chain 1 < Cp < · · · to the radical chain 1 < x <
Cp < · · · . Similar bijections exist for chains 1 < Cp@ < · · · , 1 < C2 <
· · ·, and 1 < C2p@ < · · · . They preserve the normalizers of the correspond-
ing chains in Ĝ and in A. Hence, the cancellations occur among those
chains and only C4  1 < x remains. Hence, we have the following.
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Proposition 5.1. To prove that the conjecture holds for G and p = 2, it
sufﬁces to consider the alternating sum with respect to the following radical
2-chains:
C0 1 NĜC0 = Ĝ
C4 1 < x NĜC4 =CĜjˆ ∼= 122L34  21
C20 1<V NĜC20= 3×NGV  ∼= 3× VL32
C21 1<V < V p NĜC21= 3×NGV p ∼= 3× VS4
Recall that the above chains are all r-invariant by Lemma 3.1(1), (2),
and (5).
5.2. 2-Blocks of Ĝ
From the character table of Ĝ found in the Atlas, it follows that Ĝ has
nineteen 2-blocks
B0 = B0Ĝ
B˜ = χ2 χ3 χ4 χ7 χ10 χ23 χ24 χ26 χ27 χ28
B′ = χ31 χ32     χ50 χ51 χ52 χ53 χ54 χ55
B′′ = B′∗ = χ∗31 χ∗32     χ∗50 χ∗51 χ∗52 χ∗53 χ∗54 χ∗55
In general, the principal block of a group H is denoted by B0H. Here
B0 ⊆ IrrĜ1, B′ ⊆ IrrĜξ, and B′′ ⊆ IrrĜξ−1, and those are of defect
9 and each has 20 characters. The defect group of B˜ is of order 8.
Because B˜ is a tame block, the invariant form of the conjecture is true
by [14]. Hence, it sufﬁces to consider B0, B′, and B′′. The character table
of Ĝ tells us also that we have
kGB0 d = kĜ B′ d ξ = kĜ B′′ d ξ−1
and
d = 9 d = 8 d = 7 d = 6 d = 5 d = 4 Other d
kGB0 d 8 6 3 1 0 2 0
Moreover, we have
d = 9 d = 8 d = 7 d = 6 d = 5 d = 4 Other d
kGB0 dA 4 4 1 1 0 2 0
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5.3. 2-Blocks of CĜjˆ
Recall that jˆ is the involution of Ĝ with jˆZĜ = j (see Section 3.3).
The character table of CĜjˆ = 122L34  21 is available in the Atlas. The
central subgroup of order 3 can be identiﬁed with ZĜ. The group has
83 irreducible characters which are distributed into 2-blocks as follows:
Irr
(
CĜjˆ1
) = IrrCGj = B0(CĜjˆ) ∪ B˜1 (disjoint)
Irr
(
CĜjˆξ
) = B′1 Irr(CĜjˆξ−1) = B′′1 
Here B0CĜjˆ, B′1, and B′′1 are blocks of defect 9 and each has 26 charac-
ters, and the block B˜1 is a tame block whose defect group has order 8.
It is obvious that B0CĜjˆĜ = B0Ĝ, B′1Ĝ = B′, B′′1Ĝ = B′′, and
B˜1Ĝ = B˜. Thus, the character table tells us that
kCGj B0 d = k
(
CĜjˆ B′ d ξ
) = k(CĜjˆ B′′ d ξ−1)
and
d = 9 d = 8 d = 7 d = 6 d = 5 d = 4 Other d
kCGj B0 d 8 6 5 5 0 2 0
Moreover, by Lemma 3.2(i), among characters of CGj the characters of
degree 36, 90, and 56 and four characters of degree 35 are not r-invariant.
Thus, we have
d = 9 d = 8 d = 7 d = 6 d = 5 d = 4 Other d
kCGj B0 dA 4 4 3 3 0 2 0
5.4. 2-Blocks of NGV 
The order of NGV  is 29 · 3 · 7. Since it has a normal self-centralizing
2-subgroup, it has only the principal 2-block. (See V.3.11 of [5].) We have
Irr3×NGV 1 = IrrNGV  = B03×NGV 
Irr3×NGV ξ = B′2 Irr
(
3×NGV ξ−1
) = B′′2 
Here B03 × NGV , B′2, and B′′2 are blocks of defect 9. Moreover, it is
clear that B03 × NGV Ĝ = B0Ĝ, B′2Ĝ = B′, and B′′2Ĝ = B′′. The
character table of NGV  = VL32 can be found in [11, Table 3]. It yields
that
kNGV  B0 d = k3×NGV  B′ d ξ = k
(
3×NGV  B′′ d ξ−1
)
and
d = 9 d = 8 d = 7 d = 6 Other d
kNGV  B0 d 8 6 3 1 0
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Lemma 3.2(ii) gives the action of r on the conjugacy classes of NGV .
Thus, in the notation of Table 3 of [11], irreducible characters which are
not r-invariant are χ7, χ8, χ10, χ11, χ12, χ13, χ16, and χ17. The degree of
each character in the pairs is 7, 21, 42, and 28, respectively. Hence, from
the character table, we have
d = 9 d = 8 d = 7 d = 6 Other d
kNGV  B0 dA 4 4 1 1 0
5.5. 2-Blocks of NGV p
The order of NGV p = VS4 is 29 · 3. Since NGV p has a normal
self-centralizing 2-subgroup, it has only the principal 2-block (see V.3.11 of
[5]). We have
Irr
(
3×NGV p1
) = Irr(NGV p) = B0(3×NGV p)
Irr
(
3×NGV pξ
) = B′3 Irr(3×NGV pξ−1) = B′′3 
Here B03 × NGV p, B′3, and B′′3 are blocks of defect 9. Moreover, it
is clear that B03 × NGV pĜ = B0Ĝ, B′3Ĝ = B′, and B′′3Ĝ = B′′.
The characters of NGV p can be obtained in the following way. At ﬁrst,
the conjugacy classes of NGV p are computed as in Table 3. The normal
subgroup V = v1 v2 v3 of NGV p has characters θ1, θ2, θ3 deﬁned by
θ1
(
va1v
b
2v
c
3
) = √−1a θ2(va1vb2vc3) = √−1b θ3(va1vb2vc3) = √−1c
and every irreducible character of V can be written as θa1θ
b
2θ
c
3. The actions
of s and t on V are described in Lemma 2.1 of [11]. By Lemma 3.5, we
may assume that vτ1 = v2, vτ2 = v2v−13 , and vτ3 = v−11 v2v−13 . These yield
also that sτ4 and tτ3 act trivially on V . Since NGV p is generated
by v1, v2, v3, s, t, and τ, it is easy to determine the NGV p-orbits of
IrrV  as follows:
1V  1 =
{
θ21θ
2
2θ
2
3 θ
2
2 θ
2
1θ
2
3
}
 2 =
{
θ21 θ
2
3 θ
2
1θ
2
2 θ
2
2θ
2
3
}

3 =
{
θ1 θ3 θ1θ2 θ2θ3 θ
3
1 θ
3
3 θ
3
1θ
3
2 θ
3
2θ
3
3
}

4 =
{
θ1θ
3
3 θ
3
1θ3 θ2 θ
3
2 θ1θ2θ3 θ
3
1θ
3
2θ
3
3
}

5 =
{
θ1θ
2
2θ
3
3 θ
3
1θ
2
2θ3 θ1θ
3
2θ3 θ
3
1θ2θ
3
3 θ
2
1θ
3
2θ
2
3 θ
2
1θ2θ
2
3
}

6 =
{
θ1θ
3
2θ
3
3 θ
3
1θ
3
2θ3 θ
3
1θ2θ3 θ1θ2θ
3
3 θ1θ
2
2θ3 θ
3
1θ
3
3 θ
3
1θ
2
2θ
3
3
θ1θ3 θ
3
2θ
2
3 θ
2
1θ
3
2 θ2θ
2
3 θ
2
1θ2
}

7 = all the other 24 irreducible characters
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The stabilizers Stabθ of them are given by
Stab
(
θ21θ
2
2θ
2
3
)
/V = s tV/V ∼= D8
Stabθ1θ2/V = τV/V ∼= 3
Stab
(
θ1θ
3
2θ3
)
/V = s2 stV/V ∼= 2 × 2
Stab
(
θ21θ
2
2
)
/V = st τV/V ∼= S3
Stabθ1θ2θ3/V = sV/V ∼= 4
Stab
(
θ1θ
3
2θ
3
3
)
/V = stV/V ∼= 2
Let θ = θ21θ22θ23. Then V/Ker θ has order 2 and is generated by v1. Since
s4 = v1v3 ∈ Ker θ, we have Stabθ/Ker θ ∼= 2 ×D8. Thus, θ is extendible
to Stabθ and Clifford theory tells us that the degrees of irreducible char-
acters of NGV p lying over θ are 3, 3, 3, 3, 6. For convenience, we write
it as IrrNGV pθ = 3 3 3 3 6. For θ = θ21θ22, the group st τV/V
is isomorphic to S3 and thus θ is extendible to Stabθ. (See 5.20 of [8].)
The characters θ1θ2, θ1θ2θ3, and θ1θ
3
2θ
3
3 are clearly extendible to their sta-
bilizers. Hence, we have
Irr
(
NGV pθ21θ22
) = 4 4 8
Irr
(
NGV pθ1θ2θ3
) = 6 6 6 6
Irr
(
NGV pθ1θ2
) = 8 8 8
Irr
(
NGV pθ1θ32θ33
) = 12 12
Let θ = θ1θ32θ3. Then V/Ker θ is generated by v1v3 = s4. Thus, Stabθ/
Ker θ ∼= D8, and Stabθ has only one irreducible character lying over θ,
whose degree is 2. Thus, IrrNGV pθ = 12. Finally, for θ ∈ 7, we
have IrrNGV pθ = 24. Hence, it follows that
k
(
NGV p B0 d
) = k(3×NGV p B′ d ξ)
= k(3×NGV p B′′ d ξ−1)
and
d = 9 d = 8 d = 7 d = 6 Other d
kNGV p B0 d 8 6 5 5 0
The action of r on the set of conjugacy classes of NGV p is given by
Lemma 3.2(iii). Moreover, it inverts each element of V .
Let θ = θ21θ22θ23. Then we have Stabθ/Ker θ ∼= v1 × s¯ t¯ ∼=
2 × D8, where the overbars denote those elements modulo Ker θ. Let
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λ ∈ IrrStabθθ with λ1 = 1. There are four such λ. Then, by routine
computation, the character value at s2v for v in V is
λNGV
ps2v = λs2θv + λs2tv′(θτvτ−1 + θτsvs−1τ−1)
where v′ is the element in V with τs2τ−1 = tv′. In particular, we have
λNGV
ps2 = λs2 + 2λtv′ and λNGV p(s2v1v2) = λs2 − 2λtv′
Since λtv′ = 0 and since the conjugacy classes of s2 and s2v1v2 are inter-
changed by r (Lemma 3.2), the character λNGV
p is not r-invariant.
Let θ = θ21θ22. Then Stabθ/Ker θ ∼= v1 × st τ¯ ∼= 4 × S3. For λ ∈
IrrStabθθ with λ1 = 1, we similarly obtain λNGV pstv = λstv +
λs2stvs−2 for all v ∈ V . In particular, it follows that
λNGV
pstv1 = λst
(
θv1 + θ
(
v1v
2
3
)) = −2λst
λNGV
pstv3 = λst
(
θv3 + θ
(
v21v3
)) = 2λst
Hence, λNGV
p is not r-invariant.
Let θ = θ1θ2. Then Stabθ/Ker θ ∼= v1 × τ¯ ∼= 4 × 3. For λ ∈
IrrStabθθ, we have λ1 = 1. Similarly, we obtain
λNGV
p(τv1v22v33) = λτ√−13 + λτ−1θv′√−1
λNGV
p(τv31v22v3) = λτ√−1+ λτ−1θv′√−13
where v′ is the element in V with stτst = τ−1v′. Hence, λNGV p is not
r-invariant, if λτ is a primitive cube root of unity. Namely, exactly two of
those in IrrNGV pθ are not r-invariant.
Let θ = θ1θ2θ3. Then Stabθ/Ker θ = v1 ∗ s/Ker θ ∼= 4 ∗ 8, where
the involutions in 4 and 8 are identiﬁed. For λ ∈ IrrStabθθ, we have
λ1 = 1. We obtain
λNGV
psv = λsθv + λs7θtvt
for all v ∈ V . Note that λs is a primitive eighth root of unity. Let ε
be exp2π√−1/8. Then, depending on λs, the values λNGV psv are
determined as
λNGV
ps =

√
2 if λs = ε,
−√2 if λs = ε3,
−√2 if λs = ε5,
√
2 if λs = ε7,
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λNGV
psv1 =

−√2 if λs = ε,
−√2 if λs = ε3,
√
2 if λs = ε5,
√
2 if λs = ε7.
Since the automorphism r sends the conjugacy class of s to that of sv1, the
character λNGV
p is not r-invariant if λs is ε or ε5. (See Lemma 3.2.)
Since exactly 10 conjugacy classes of NGV p are not r-invariant
(Lemma 3.2), the characters which are not r-invariant are exactly those 10
found above. Hence, we have
d = 9 d = 8 d = 7 d = 6 Other d
kNGV p B0 dA 4 4 3 3 0
5.6. Conjecture
Table 8 gives the results for B and ζ such that B ζ lies in B0 1,
B′ ξ B′′ ξ−1. For other choices of B ζ and d, the numbers of rele-
vant characters are all 0. Similarly, Table 9 gives the results for B0. Hence,
by Lemma 4.1 and Proposition 5.1, Conjecture 2.1 holds for G in the case
of p = 2.
TABLE 8
d = 9 d = 8 d = 7 d = 6 d = 5 d = 4 Parity
kĜ B d ζ 8 6 3 1 0 2 +
kCĜjˆ B d ζ 8 6 5 5 0 2 −
k3×NGV  B d ζ 8 6 3 1 0 0 −
k3×NGV p B d ζ 8 6 5 5 0 0 +
TABLE 9
d = 9 d = 8 d = 7 d = 6 d = 5 d = 4 Parity
kGB0 dA 4 4 1 1 0 2 +
kCGj B0 dA 4 4 3 3 0 2 −
kNGV  B0 dA 4 4 1 1 0 0 −
kNGV p B0 dA 4 4 3 3 0 0 +
178 uno and yoshiara
6. THE CASE OF p = 3
In this section, we assume that p = 3.
6.1. Radical 3-Subgroups and Radical 3-Chains
Sylow 3-subgroups of Ĝ are extraspecial groups 31+4+ of order 35 and
exponent 3, and those of G are elementary abelian of order 34. We know
that any two elements of G of order 3 are G-conjugate. Moreover, the
centralizer in G of an element of order 3 is isomorphic to R×A6, and R
is a T.I. set in G. Thus, there is no radical 3-subgroup of G of order 3. The
group R is clearly a radical subgroup of G. If a subgroup P of U = RR⊥
is not contained in R, then it follows from Proposition 3.4 of [15] that
U ≤ NGP ≤ NGU. Moreover, if P is radical in G, then P = U . Hence,
representatives of G-conjugacy classes of radical 3-subgroups P of G and
NGP are
R = 32 NGR =
(
324×A6
)
 2
U = 34 NGU= 34  21+4− D10
Note that A normalizes each of the above. From the above, we have the
following.
Proposition 6.1. Representatives of Ĝ-conjugacy classes of radical
3-chains of Ĝ are as follows. Here R̂ and Û are the inverse images of R and
U in Ĝ, respectively.
C0 ZĜ NĜC0 = Ĝ
C1 ZĜ < R̂ NĜC1 = 3 
(
32  4×A6
)
 2
C2 ZĜ < Û NĜC2 = 31+4+  21+4D10
C3 ZĜ < R̂ < Û NĜC3 = 31+4+  4× 4  2
Recall that NĜR̂ is r-invariant and NĜÛ and NĜR̂ ∩ NĜÛ are
mr-invariant.
6.2. 3-Blocks of Ĝ
The character table tells us that Ĝ has the following 3-blocks (see
also [7]):
B0=B0Ĝ
B′ =χ2χ11χ12χ13χ14χ15χ35χ∗35χ36χ∗36χ37χ∗37χ42χ∗42χ43χ∗43
χ21χ46χ∗46χ22χ47χ∗47χ25χ50χ∗50χ26χ51χ∗51
χ27χ52χ∗52χ28χ53χ∗53
The block B0 is of defect 5, B′ is of defect 3, and the other blocks are of
defect 1. Thus, from [4], it sufﬁces to consider B0 and B′.
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The character table of Ĝ tells us that we have
kGB0 d =
{
18 if d = 5,
0 otherwise,
kGB′ d =
{
6 if d = 3,
0 otherwise,
kĜ B0 d ξ = k
(
Ĝ B0 d ξ
−1) = { 14 if d = 3,
0 otherwise,
kĜ B′ d ξ = k(Ĝ B′ d ξ−1) = { 5 if d = 2,
0 otherwise.
On the other hand, we have
kGB0 dA =
{
10 if d = 5,
0 otherwise,
kGB′ dA =
{
4 if d = 3,
0 otherwise.
6.3. 3-Blocks of NĜR̂
The character table of NĜR̂ ∼= 3  NGR ∼= 3  32  4×A6  2 is avail-
able in the GAP library. It has 68 irreducible characters. In the notation of
the GAP, we have the following 3-blocks. (Note: This group is a maximal
subgroup of Ĝ and available as “3.ONM5” in the GAP.)
B0NĜR̂
B′1 = χ5 χ6 χ13 χ14 χ18 χ25 χ47 χ48 χ49 χ50 χ51 χ52 χ53
χ54 χ65 χ66
The block B0NĜR̂ is of defect 5, and B′1 is of defect 3. It is clear
that B0NĜR̂ and B′1 induce B0 and B′, respectively. The character table
of NĜR̂ tells us that we have
kNGR B0 d =
{
24 if d = 5,
0 otherwise,
kNGR B′ d =
{
6 if d = 3,
0 otherwise,
k
(
NĜR̂ B0 d ξ
) = k(NĜR̂ B0 d ξ−1) = { 14 if d = 3,0 otherwise,
k
(
NĜR̂ B′ d ξ
) = k(NĜR̂ B′ d ξ−1) = { 5 if d = 2,0 otherwise.
The action of r on the conjugacy classes of NGR is given by
Lemma 3.2(iv). Among the irreducible characters of NGR, χ7, χ8,
χ9, χ10, χ13, χ14, χ20, χ21, χ29, and χ30 are not r-invariant. (Here
χ71 = χ81 = 10, χ91 = χ101 = 1, χ131 = χ141 = 9, χ201 =
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χ211 = 16, χ291 = χ301 = 40.) Thus, we have
kNGR B0 dA =
{
16 if d = 5,
0 otherwise,
kNGR B′ dA =
{
4 if d = 3,
0 otherwise.
6.4. 3-Blocks of NĜÛ
The character table of NĜÛ ∼= 31+4+  21+4D10 is available in the GAP
library. It has 46 irreducible characters. In the notation of the GAP, we
have the following. (Note: This group is a maximal subgroup of Ĝ and
available as “3.ONM6” in the GAP.) This group has only the principal
3-block B0NĜÛ, which, of course, induces B0. Thus, the number of
characters concerning B′ is always 0. Since NGU has abelian normal Sylow
3-subgroup, the degree of an irreducible character of NGU is not divisible
by 3. The character table of NĜÛ tells us that we have
kNGU B0 d =
{
18 if d = 5,
0 otherwise,
k
(
NĜÛ B0 d ξ
) = k(NĜÛ B0 d ξ−1) = { 14 if d = 3,0 otherwise.
The action of mr on the conjugacy classes of NGU is given by
Lemma 3.3(i). Among the irreducible characters of NGU, eight of them
are not mr-invariant. Thus, we have
kNGU B0 dA =
{
10 if d = 5,
0 otherwise.
6.5. 3-Blocks of NĜR̂ ∩NĜÛ
We have NĜR̂ ∩ NĜÛ ∼= 31+4+  4 × 4  2, where 4 × 4  2 is@m4 × x · mst. Since NGR ∩NGU has only the principal 3-block
(V.3.11 of [5]), so does NĜR̂ ∩NĜÛ (V.4.4 of [5]). The principal 3-block
B0NĜR̂ ∩NĜÛ, of course, induces B0. Thus, the number of characters
concerning B′ is always 0. Since NGR ∩NGU has abelian normal Sylow
3-subgroup, the degree of an irreducible character of NGR ∩ NGU is
not divisible by 3. Since NGR ∩NGU has 24 conjugacy classes, we have
kNGR ∩NGU B0 d =
{
24 if d = 5,
0 otherwise.
The action of mr on the set of conjugacy classes of NGR ∩NGU is
given by Lemma 3.3(ii). From this we get
kNGR ∩NGU B0A d =
{
16 if d = 5,
0 otherwise.
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TABLE 10
d = 5 d = 3 Parity
kGB0 d 18 kĜ B0 d ξ 14 +
kNGR B0 d 24 kNĜR̂ B0 d ξ 14 −
kNGU B0 d 18 kNĜÛ B0 d ξ 14 −
kNGR ∩NGU B0 d 24 kNĜR̂ ∩NĜÛ B0 d ξ 14 +
There is the unique irreducible character θ of 31+4+ lying over ξ. Its degree
is 32. Since ξ is invariant under the action of @m4 × x  mst, the
character θ is also invariant. Hence, it follows from 5.20 of [8] that θ is
extendible to NĜR̂ ∩ NĜÛ. This implies that the irreducible charac-
ters of NĜR̂ ∩ NĜÛ lying over θ, or, equivalently, lying over ξ, are
in one-to-one correspondence with the irreducible characters of @m4 ×
x · mst. Moreover, the degrees of all of those characters have 3-parts
32. Note that @m4 × x  mst is a Sylow 2-subgroup of NGU by
Lemma 1(4). In particular, an element in @m4× x  mst\@m4× x
inverts all the elements in @m4 × x (see Section 3.1.2). Thus, four irre-
ducible characters of @m4 × x are invariant and each of them has two
extensions to @m4 × x  mst. The remaining 12 irreducible charac-
ters of @m4 × x are distributed into 6 orbits, each of which gives an
irreducible character of @m4 × x  mst of degree 2. Hence, we have
k
(
NĜR̂ ∩NĜÛ B0 d ξ
) = k(NĜR̂ ∩NĜÛ B0 d ξ−1)
=
{
14 if d = 3,
0 otherwise.
6.6. Conjecture
From Sections 6.2–6.5, we have the results for the principle 3-block
B0 of Gˆ shown in Table 10. Note that kNGC B0 d = 0 only
for d = 5 and that kNĜC B0 d ξ = kNĜC B0 d ξ−1 = 0
only for d = 3. For the 3-block B′, we have the results shown in
Table 11. Note that kNGC B′ d = 0 only for d = 3 and that
kNĜC B′ d ξ = kNĜC B′ d ξ−1 = 0 only for d = 2. For
the numbers of characters invariant under the actions of the normaliz-
ers of the chains in A, we have the results shown in Table 12. Hence, by
TABLE 11
d = 3 d = 2 Parity
kGB′ d 6 kĜ B′ d ξ 5 +
kNGR B′ d 6 kNĜR̂ B′ d ξ 5 −
kNGU B′ d 0 kNĜÛ B′ d ξ 0 −
kNGR ∩NGU B′ d 0 kNĜR̂ ∩NĜÛ B′ d ξ 0 +
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TABLE 12
d = 5 d = 3 Parity
kGB0 dA 10 kGB′ dA 4 +
kNGR B0 dA 16 kNGR B′ dA 4 −
kNGU B0 dA 10 kNGU B′ dA 0 −
kNGR ∩NGU B0 dA 16 kNGR ∩NGU B′ dA 0 +
Lemma 4.1 and Proposition 6.1, Conjecture 2.1 holds for G in the case of
p = 3.
7. THE CASE OF p = 7
In this section, we assume that p = 7.
7.1. Radical 7-Subgroups and Radical 7-Chains
We follow the notation in [11, Sect. 6]. By Lemmas 6.4 and 6.5 of [11], it
follows that G has two conjugacy classes of elements of order 7, represented
by c and c′. Lemmas 6.3(iii) and 6.4(v) in [11] tell us that neither c nor
c′ is a radical 7-subgroup of G. On the other hand, G has three conjugacy
classes of subgroups of order 72 (Lemma 6.4(ii) of [11]), denoted by E′, E′′,
and E′′′. By Lemma 6.5 of [11], E′ and E′′ are radical 7-subgroups of G,
while E′′′ is not, since NGE′′′ ≤ NGc. Representatives of G-conjugacy
classes of radical 7-subgroups P of G and NGP/P are
E′ NGE′/E′ ∼= SL±2 7
E′′ NGE′′/E′′ ∼= SL±2 7
D = 71+2+  NGD/D ∼= 3×D8
By Section 3.3, representatives of Ĝ-conjugacy classes of radical 7-
chains of Ĝ are described as follows. Here H1 and H2 are the normalizers
of Sylow 7-subgroups of NGE′/E′ and NGE′′/E′′, respectively.
C0 1 NĜC0 = Ĝ
C1 1 < E′ NĜC1 = 3× 72SL±2 7
C2 1 < E′′ NĜC2 = 3× 72SL±2 7
C3 1 < E′ < D NĜC3 = 3× 72H1
C4 1 < E′′ < D NĜC4 = 3× 72H2
C5 1 < D NĜC5 = 3× D  3×D8
dade’s conjecture for the simple o’nan group 183
Note that r interchanges E′ = c c1 and E′′ = c c1c2, the two rep-
resentatives of radical subgroups of G isomorphic to 72. Thus, r also
interchanges the normalizers of radical chains C3 and C4. In partic-
ular, NAE′ = NGE′, NAE′′ = NGE′′ and NAE′ ∩ NAD =
NGE′ ∩NGD, NAE′′ ∩NAD = NGE′′ ∩NGD. Moreover, for C
above such that C = C0, IrrNĜC1, IrrNĜCξ, and IrrNĜCξ−1
are 7-blocks, which induce blocks contained in IrrĜ1, IrrĜξ,
and IrrĜξ−1, respectively. Hence, it follows from Proposition 2.5 that
kNĜC1 B d ζ = kNĜC3 B d ζ
kNĜC2 B d ζ = kNĜC4 B d ζ
for any 7-block B of G and any d and ζ. Thus, the following holds.
Proposition 7.1. To prove that the conjecture holds for G and p = 7, it
sufﬁces to consider the alternating sum with respect to the following radical
7-chains:
C0 1 NĜC0 = Ĝ
C5 1 < D NĜC5 ∼= 3× D  3×D8
7.2. 7-Blocks of Ĝ
The character table tells us that Ĝ has the following eleven 7-blocks (see
also [6]):
B0 = B0Ĝ χ15 χ18 χ19 χ20 χ23 χ24
B′ χ41 B′′ χ∗41
Here B0 ⊆ IrrĜ1, and B′ ⊆ IrrĜξ, and B′′ ⊆ IrrĜξ−1, and those
are of defect 3 and each has 24 characters. The character table of Ĝ tells
us also that
kGB0 d = kĜ B′ d ξ = kĜ B′′ d ξ−1 =
{ 20 if d = 3,
4 if d = 2,
0 otherwise.
Moreover, we have
kGB0 dA =
{ 10 if d = 3,
4 if d = 2,
0 otherwise.
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7.3. 7-Blocks of NGD
The character table of NGD = D  3 × D8 is available in the GAP
library, and it has 24 irreducible characters. In the notation of the GAP, we
have the following. (Note: This group is available as “ONN7” in the GAP.)
It follows that 3×NGD has three 7-blocks:
Irr3×NGD1 = IrrNGD = B03×NGD
Irr3×NGDξ = B′1 Irr
(
3×NGDξ−1
) = B′′1 
Here B03 × NGD, B′1, and B′′1 are blocks of defect 3. Moreover, it is
clear that B03×NGDĜ = B0Ĝ, B′1Ĝ = B′, and B′′1Ĝ = B′′.
From the character table of NGD, it follows that
kNGD B0 d = k3×NGD B′ d ξ
= k(3×NGD B′′ d ξ−1) =
{ 20 if d = 3,
4 if d = 2,
0 otherwise.
Moreover, r normalizes NGD, and the action of r on the conju-
gacy classes of NGD is given by Lemma 3.2(v). Thus, in the notation
in “ONN7,” r-orbits on IrrNGD are χ1 χ2, χ5 χ6, χ9 χ10,
χ16 χ18, and χ17 χ19 and those consisting of a single element. (Here
χ11 = χ51 = χ91 = 1, χ161 = χ171 = 12.) Thus, we have
kNGD B0 dA =
{ 10 if d = 3,
4 if d = 2,
0 otherwise.
7.4. Conjecture
From the results in Sections 7.2 and 7.3 and Proposition 7.1, Conjec-
ture 2.1 holds for G in the case of p = 7.
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